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ABSTRACT

Berwald [1, 2] developed the study of two-dimenaidfinsler spaces, whose idea was followed by M@pto introduced
in a three-dimensional Finsler space the intrini@d of orthonormal frame consisting of normalizespport element, |
normalized torsion vector 'nand the unit vector'northogonal to both'land m Various aspects of three-dimensional
Finsler spaces have been studied by Rund [5], Matda [6,7,8], Rastogi [12,13,14] and others. Simifafour-
dimensional Finsler spaces have been studied byd®arand Dwivedi [10] and Rastogi [15] etc. Theorf fove-
dimensional Finsler spaces in terms of scalarsltesn studied by Pandey, Dwivedi and Gupta [11] Badvedi, Rastogi
and Dwivedi [4]. In 1990, certain new tensors welefined and studied by Rastogi [12], while in 2(R&stogi [14]
introduced a new tensor;Pin three-dimensional Finsler space, which is similo tensor G, but satisfies different
properties like Gk I'=0 and DJKQK = D; = D n;. This tensor exists only in Finsler spaces of nthen two-dimensions.
This tensor was further studied in four-dimensidriasler space by Rastogi [15], but it is importdatnote that there are
two tensors of such type in four-dimensional Finsjgace. In this paper besides studying varietyeosors and their
properties in a five-dimensional Finsler space,hvese also studied various kinds of D-tensors whighactually three in
F.

KEYWORDS:Five-Dimensional Finsler Spaces, D-Tensors, Q-Ter3eReducibility
INTRODUCTION

Let P° be a five-dimensional Finsler space equipped wittndamental function L(x,y), orthonormal Miromine e (o=

1,2,3,4,5), adopted components of the metric temgoand E-tensors;, respectively given bys,; and 50 =

(6%%%%>), where right hand term is generalised Kronecketadand satisfies usual properties [11, 15]. Ifiva-

dimensional Finsler space we have five orthonomumét vectors, which shall be denoted hynh, nay, Ney and gy The

h-covariant derivative,g; of the vector g, is given as
ei_zli':oqi':rﬁ': lh('_ |h__ Ih'%i': i': lh(_mh(_ lh('
14 = 1= U, @y i = Ny Ny — N2y NEe)j — Ney Nayj &) = Ny = Ny N i — N3y Nesyis
L | | L | |
€ = N2y = M gy — Ny Ny — ey Ny &) = Ny = My + Ny By + 1) M, 11
where uy, N2y, Nay hays Nsy @nd ke are called h-connection vectors 6f F

The v-covariant derivative,f; of the vector g' is expressed as

enyyy = Iy = L = LM my + gy’ ngy + ) Ny + 1) nigy),
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e = My = L' m + ngy Ugy + Ny’ Uy + Ny Ugay),s
€@ = N = L' nyj = m Ugy; + Ny U + ) Uy,
e = Ny = L' Ny = m Ugy — ny' Uggy + M) Ugey),
e = M) = L (' Ny — M U — Ny’ Ugsyj — Ny Uy, (1.2)
where Uy, Ugy, Ui Uy Uy and gy are called v-connection vectors.
Cartan’s tensor [3],Cijk in F5 can be expressed as
L Cik = Goy m mmi + Gy Ny Naayj Nagie + Gy Ny N2y Nz + Gy Nzt Nz Mgk
*+20i0[Cee M M Ny + Gy Mi My Ngye + Gy MMy Mgy + Cg) Moy NeayMie
*+ Go) Ny Ny N2k + Gaoy Neayr Ny My + Cany My NayjMic + Gaz) Ny Nez Mo
+ Cua) Ny N2y Nz + Caa) Ny MM + Cas) Neay Ny Nk + Gae) Nzt Neagj Nk
+ CanMi(nw; Ny + Nak N@j) + Cag) MMy ey + Nk MNe))
+ Cao) M(N@); N + Nk ) + Cao) i@y Nayk + N2k Nay) (1.3)
Where
Cay+ Go *+ Cuny + Cuay = L C, Gy + Gy + Cug) + Cus) = 0,
Ca) + Ge) + Coy + Cug) = 0, Gay + Gy + oy + Cugy =0 (1.4)
and G17,Cus), Cuoyand Gy are non-zero scalars ifl. F
SECOND ORDER TENSORS AND THEIR h-COVARIANT DERIVATI VES

Definition 2.1: In a Finsler space of five-dimensions, Fve define following ten non-zero second order
symmetric tensors.

Aiy) = Xadli mb 2AY) =Sl nod *Aixy) =Xoll Nt ‘Aixy) = Sadli neh (2.1)a
*AIGY) = S imi Nl PAGY) = S imi N ‘Ai(Y) = Xepimi neh (2.1)b
SAij(va) =Y i {nwi Nejh gAij(le) =Y {nwi Naih lOAij(le) =Y {n@i Nayt- (2.1)c

From equations (2.1)a,b,c, by virtue of equatiod),lwe can obtain

A = R A — handAi — Rap Ay, “Aiie = by Ay — R Ay — s Ay, (2.2)a
Ak = ha A — Ny Ay = ey Ay “Aii = Ry A + hspAj + hepcA, (2.2)b
*Aik = 2 RNy Ny — M M) + hapAy — hayAj — hayc Ay — ey Ay, (2.2)c
6Aij/k = h(l)kBAij - r‘(2)k5Aij + 2 Raydmy my — N2y Nezyp) — rk4)k10Aij - hs)k7Aij, (2.2)d
Ak = haycAi = ey Ay + 2 Rayemi My — Naoi Nay) + hisicAi + A, (2.2)e
A = - RayAj + 2 hapdey Ny — Ny Nay) + Mapc Ay — sy °Ajj — hey A, (2.2)f
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Ak = - b Ajp + Ry Ay + Ay + 2Ry Ny — Nayi Neay) + A, (2.2)g
ik = - NopA + A + Nk PAy + hspc Ay + 2 he (N2 Ne2ji— Ny Nezyy)- (2.2)h
From equations (2.2) a,b,c,d,e,f,g,h, we can obtain
Theorem 2.1:1n a five-dimensional Finsler spacg EensorsAyy, “Ajx, *Ajxand*Ay, satisfy  equation
YA+ A+ A+ A = (Napk + k= hyd A + (R — Rk +hsp) %A

+ (R — Nay + Mg *Aij = (e + Nepe + hepd Ay (2.3)
Theorem 2.2:1n a five-dimensional Finsler spacg EensorsA;y, *Ajx and’Ay satisfy equation
Ak + A + A = (e — Ny A + (hay + Nepr) A — (Mo + hieyd) "Aij + (hayk — ag) °A

+ (R — Mapd °Ap = (R + hayd Ay + 2(Maji + Nage — Ryydmy my

+ 2(Ray Ny N = ey N2y N2jj = R Neayi Mez)) (2.4)
Theorem 2.3:1n a five-dimensional Finsler spacg Eensor$A;y, *Ajx and'Ay, satisfy equation
Ak + A + A = (Nay + Nayd A + (R — ayd °Aj + (e — hay) “A

+ (e + Nepd CA — 2 gy Ngy) — (g + Nigpd CAG — 2 1y 1))

+ (hok— rL%)k)(lOA — 2 Ny Nao) (2.5)
Definition 2.2: In a five-dimensional Finsler spacg we define following symmetric tensors
'Bj = m m, *By = Nay Ny “Bin = Ny Ny and*Byj = Mgy Ny (2.6)

From equation (2.6), we can obtain

Bik = N A — NapAi = hayAijy “Bigk = - NuycAj + RayAj — sy A, (2.7a
*Bik = - NopAjj + hagi A — e %Ai, “Bijk = hayAij + ey Aip + ey A (2.7)b
which lead to

Theorem 2.4:1n a five-dimensional Finsler spacé Equation (2.7)a,b lead to
"By + "By + By + By = 0. (2.8)

Remark. Theorem?2.4: is actually representing that h-cardrderivative of angular metric tensor in a

five-dimensional Finsler space vanishes.
Definition 2.3: In a five-dimensional Finsler spac& We define following symmetric tensors.
Ty = mmy + May Ny, “Ty = MM + Moy Ny “Tj = MM + Mgy Ny, (2.9)a
*Tij = Ny Ny * Ny Mg T = My My + Ny Ny T = Moy Ny + Ny Ny (2.9)b
From equation (2.9)a,b, we can obtain

Tin = ey Ay — hepAj — R A — Ny A, (2.10)a
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Tin = Mok A — RapcAi — Ny Aij — Moy A,
*Tin = NocAj — hapcAj + ey Ay + heyc A
If we find h-covariant derivative of remaining tereerms, we can obtain

Theorem 2.5:1n a five-dimensional Finsler spacg Eensors defined in equations (2.9)a,b

equation
1Tij/k + 6Tij/k = O,ZTij/k + 5Tij/k =0 andgTij/k + 4Tijlk =0.
Definition 2.4: In a five-dimensional Finsler spacg we define following symmetric tensors.
"Uj = m m - Ny gy, 2U = M om - ey gy, *U = mm; - ny ),
Ui = iy Ry - My M Ui = My My - e N Ui = Mey My - N Ny
From equation (2.12)a,b, we can easily obtain
Wi = 2 Ay — hepAy — RapAip — Ry Ay + i Ay,
Ui = R A + RoylAi— 2 haplAj — hay'Aj + heyd A,
Uik = RocAyj - hapAij — 2R Ay — hey Aj — ey A,
Uik = - haycAi + 2 NaplA; — hapA — Ry Ay + e A,
Uik = - Ry A + Nk A — Rap A — 2 Rsp Ay — hep A,
Ui = - hopAj + RapAij — Nayd A — ey A — 2 Ry A
These equations in (2.13)a,b,c,d,e,f, lead us to
lUij/k + 5Uij/k = 3Uij/k:2Uijlk + 6Uij/k = 3Uij/k
and
Ui + Ui = 2(2) A — han®Ajj — Nap A — i Ap)
Hence:

Theorem 2.6:1n a five-dimensional Finsler spacg Eensors Lk satisfy equations (2.14)a,b in

following form:
1 —_ 2 _ 3 _ 4 —
Bj =k m — b my, "B = ny = | Ny, "By = i Ny = | Ny, "By = i gy = | Ny,
°Ej = MNgy - M Ny, "By = M Ny — M Ny, 'Ej = M Ny —m ngy,
8 —_ 9 _ 10y —
Ei = Ny N2y = Nwj Ny B = Ny Ny = Moy Ny~ i = Ny Neajj = N2y Ny
From equations (2.15) a, b, ¢, we can obtain oplication
lEij/k = rkl)szij - rks)ksEij - rk4)k4Eij, 2Eij/k =- h(l)klEij + h(2)k3Eij - hS)k4Eij,

3Eij/k =- r‘(2)k2Eij + h(3)k1Eij - r‘(6)k4Eij, 4Eij/k = "k4)k1Eij + h(S)szij + h(6)k3Eij1

(2.10)b

(2.10)c

satisfy

(2.11)

(2.12)a

(2.12)b

(2.13)a
(2.13)b
(2.13)c
(2.13)d
(2.13)e

(2.13)f

(2.14)a

(2.14)b

the

(2.15)a
(2.15)b

(2.15)c

(2.16)a

(2.16)b
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*Eiji = N2 Eij + ey Ej + hua °Ejj — hs)'Eii»

®Ein = Ny Eij — hoy Eij + Nay'°Ej — hey Eij»

7Eij/k = rkl)kgEij - rks)kloEij + h(5)k5Eij + h(G)kGEij:

®Ein = - huyEj — hayk Eij + hsyk "Ejj — heyk Eir»

%Ei = - huk 'E;j + N °Ejj — hayk Eij + hey i,

Yk = - N Ej + hai 'Ej — hayk °Eij — Ny Ej

From these equations we can obtain

Ejn + B + ’Ein + “Eijk = "Eij (N + Maye = Ry + “Ejj(hayk + s — iy
+ 3Eij(h(2)k + Ney — Nay) _4Eij(h(4)k + Noj + ey

and

5 6 7 8 9 10
Eix + "Eij + 'Eijx + B + B + B

= 5Eij(h(5)k' h(2)k - I«t3)k - I«t4)k) + 6Eij(h(Z)k + h(6)k - rkl)k - rk4)k) + 7Eij(h(S)k - I«tl)k - I«tS)k - I«tES)k)

+ 8Eij(h(l)k + ey + N — sy + gEij(h(l)k + Nayc— N — Repd
+ 10Eij(h(z)k + Nayc + N — hayd)

Hence:

(2.16)c
(2.16)d
(2.16)e
(2.16)f
(2.16)g

(2.16)h

(2.17)

(2.18)

Theorem 2.7:In a five-dimensional Finsler spac& B-covariant derivatives of skew-symmetric tenggiven by

equations (2.15)a,b,c satisfy equations (2.17)(arik8).
V-COVARIANT DERIVATIVES OF TENSORS DEFINED ABOVE
For the terms defined in equation (2.1), with tleéplof definition (1.2) of v-covariant
lAij//k = L-l(hik m + hye my = 24my + U(l)szij + U(Z)k3Aij + U(4)k4Aij),
2Aij//k = L-l(hikn(l)j + My Ny — 2 1 gy — U(l)klAij + U(3)k3Aij + U(S)k4Aij),
*Ajne = LMy + hie Ny — 2 1 Ny — Uyt A= Uy Ay + UggyAy),
4Aij//k = L-l(hikn(3)j + hy Ny — 2 1l naj — U(4)klAij - U(S)szij - U(6)k3Aij)-
Similarly, from equations of (2.1) b, ¢ we get
Ak = LU 20 A + UaplAj + Uy PAj + Ugi'A
+ 2 Ug(Ngay Neayj - memy) — mfAi,- - rkl)klAij},
®Aie = LU i A — Ui Ay + Uy Ay + Uy Ay
+ 2 Uiy N2y — M my) — mA; — gy Ay,

Ak = LU ap’Aj + Ui °Ai = Uy A — Ui A

(8.Da
(3.1)b
(3.1)c

(3.1)d

(3.2)a

(3.2)b
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+ 2 UMy Ny — M m) — mAG — naydAgl,
Ak = LU @k °Aj — Uy Ay + Ui A + U °A

+ 2 UydNzy N2y — Nyt Neyp) — Nk 3Aij — N2y 2Aij}y
Ak = LU i ‘A + Ui °Aj — Uy °Ajj — Ui °A

+ 2 UssidN@yi N3y — My Neay) — Nk A = ey A,
Ak = LU oA — Uai®Aj — Ui °Ajj — Ui °A

+ 2 UgidNay Ny = Moy Nezy) = M ‘A = Ny A
For tensors defined by equation (2.6), we can obtai
lBij//k = L_l(' m.<1Aij + U(l)kSAij + U(2)k6Aij + U(4)k7Aij),
By = L nuyplAj — UnioAy + UayAy + Uy Ay),
B = L npAij — UeiAj — UaiAip + Ui °Ay),
B = L ngie Ay — Uiy Ay — U Ay — Uy °Ay).
From equations (3.3) a,b,c,d, we can obtain
Theorem 3.1:In a five-dimensional Finsler spacg fensors given in (3.3) satisfy equation
lBij//k + 2Bij//k + 3Bij//k + 4Bij//k =- L-l(mklAij + n(l)szij + rk2)k3Aij + n(3)k4Aij)
From equations (2.9) a,b we can obtain
T = LT-mAA; — A + UgplAj + UgilAj + UaiAj + UsiPAjl,
T = L'T- mc* Ay = napcA + Uy A — Uy Aij + Uy Aij + Uy A,
3Tij//k = L-l['mklAij - rta)k4Aij + U(l)kSAij + U(Z)kGAij - U(S)kgAij - U(6)klOAij]- (3.5)c
T = L -napAi= oy A — UnyicAi — UyiCAij + Uy Ay + Uy Ail,
T = L -naypAj — Nay Ay — UnyicAi + Ugi®Aij — Uy Aij — Uy Ail,
T = L -nepcAj — Nayc A — UyplAij — UaidAj — Uy A — Uy oAy

Hence:

(3.2)c

(3.2)d

(3.2)e

(3.2)f

(3.3)a

(3.3)b

(3.3)c

(3.3)d

(3.4)

(3.5)a

(3.5)b

(3.5)d
(3.5)e

(3.5)f

Theorem 3.2:In a five-dimensional Finsler spacg Eensors given in (2.9)a,b satisfy equations €3t5y,d, e, f.

From equation (3.5) a,b,c,d,e,f, we can furtheaiobt
i + T =T + T =T + Tigwe = LTMEA] — nylAi -NapcA; — Najc Ayl

Hence:

Theorem 3.3:In a five-dimensional Finsler spacé Eensors given in (3.5) a,b,c,d,e,f, satisfy

From equation (2.12) a,b, we can obtain

(3.6).

¢iqua(3.6).
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Wik = LT-m A + naplAy + 2 UnyAy + UgyAj = UaplAy + Uiy A — UssiCAil, (3.7a
Ui = LT-m A + nopcAi + UnyicAi + 2 UgyAy + Ugi®Aj + Ugge ‘A — Uy A, (3.7)b
3Uij//k = L-l['mk lAij + rks)k4Aij + U(l)kSAij + U(Z)kGAij +2 U(4)k7Aij + U(S)kgAij + U(G)kloAij]- (3.7)c
Ui = L -napAi + NapcAi = Uy A + Uy A + 2 Ui PAj + UssicAj — Uy A, (3.7)d
Uik = LT-nayAj + NaiAj — Uni A + Uy PAj + Uy Ajj + 2Usi Ay + Uy Al (3.7e
Uik = LT-n@icAj + Naic A — UaiCAi - Uai A +Uayd A + UgydAj + 2 Uy °Ajl. (3.7f

From equations (3.7) a,b,c,d,e,f, we can obtain
Wi + Ui = Ui, Ui + Ui = Ui + Ui = Ui, “Uige + Ui = Ui (3.8)
Hence:

Theorem 3.4:In a five-dimensional Finsler spacg F-covariant derivatives of the tensof U  satisfy

equation (3.8).

From equation (2.15) a,b,c, we can obtain

Ej = L' i my — he mi + Uy CEjj + Uy Eij + Uy 'Eil, (3.9)a
By = L™ [hinwy — Mk Ny — Ua B + UaiEj + Ui 'Eill, (3.9)b
*Ejj = L [hinzy — Mk N2y — Ui Ej — Uy CEij + Uy Eil, (3.9)c
*Eij = L™ [hingay — Mk Nay — Uy Eij — Uy °Eij — Uy Eil, (3.9)d
*Eyn = L'[-mPEj + nay'Ej — Uy By + Ui Ej - Uap By + Ui By, (3.9)e
*Eyn = L'[-mi’Ej + N By + Ui °Ej — Ui B — Uy %y — Ui i, (3.9)f

"By = L'-mCEj + na'Ejj + Ui Ejj + Ui °Ejj — Usic Ej - U Eill, (3.9
*Eyn = L' [-n@i B+ NoplEj — Uy By + Uy By — Ui By + Uy Bl (3.9h
By = L' [-n@i’Ej + NepEij — Uai By — Ui Ej + Uy Ej— Ui Eil, (3.9)i

B = L' [-nei'Ej + ey °Ej — Ugi By — Ui °Ey + Uy By + Ugsyc Byl (3.9)j

From these equations several relations can belissiadh between E-tensors.
D-TENSOR OF FIRST KIND

In a five-dimensional Finsler spacg Ehere exist D-tensors of three kinds. Here wel &leadefining D-Tensor of

first kind. LetlDi,-k be representing the D-tensor of first kind, whiglsuch that
1Dijk |i =0 andlDijkgik: 1Di = 1D N (41)
Any third order tensor inFsatisfying equation (4.1) can be expressed as

1 _
Dik = Dy m mmy + Dez) Ny Ny Ny + Diay N2y Nezyj Nz + Diay Neayi Nz Neai
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+ D)o {Mi My Nayd + D g2 {Mi M Nzpd + Dy {mi my niayd

+ Do {n wn NayMid + DX {Nay Nwj N + Daoaoinwr Nay Nepd

+ Duaiin{n @ Neimid + DazXin {Nen N Nt + Dasin{n e ey Net

*+ Daaio{n e Naimid + Das i {N @ Ney Nad + D asao{n e Ney Nt

+ DanXin{mi(nw Nex + Nk N} + Dasin{Mi(Ney ek + M Ne))}

+ Doy (il {Mi (Na); Nk + Nk N} + D o {n @iy Nek + Nk Ny} (4.2)

Definition 4.1: In a five-dimensional Finsler spacé, fhe tensorDy, defined by equation (4.2) is called D-
tensor of first kind.

Multiplying equation (4.2) by 'ty we obtain on simplification
'Di = m(Dgy) + D@y Day) + Dua) + My (D) + Des) + Dazy + Das) + Meyi(Des) + Dig) + Dyg) + Dias)
+ N3)i(Dy + D7y + Doy + Dy 4.3)
which by virtue of (4.1) leads to
D + Dg) + Dy + Dugy = 0, D)+ Dis) + Dz + Das) = "D, Dig) + Dy + Dig) + Dy = O,
D) + D) + Do) + Dus) = 0. (4.4)

Hence:

Theorem 4.1:1n a five-dimensional Finsler spacé Ehe 16 coefficients of the tenédi)ijk, defined
equation (4.2) satisfy equation (4.4).

by

Let us assume that the tenéDr,—k =0, then from equation (4.2) with the help o#4j}4we observe that

D) * D) + D) + Das) = 0, (4.5)

which with the help of equation (4.3) leads to

Theorem 4.2:1n a five-dimensional Finsler spacg Ehe necessary and sufficient condition for  thecter 'D;
to vanish is given by equation (4.5).

Equation (4.2) can alternatively be expressed as
1Dijk = DG IMiWi + nayXic + Ny Y + NayZich (4.6)
Where
Wi = (1/3)[Day mmy + 3 Dig) Ny Ny + 3 Dy Ne2jj Ny + 3 Dy Ny Neai

*+ Dan(Nj Nax + Nk Ney) + Das(N@j ek + Nk Nay) + Dagy(Ne) Nk + May Nyl (4.7a
Xjk = (1/3)[Dez) Ny Ny + 3 DsyMMic + 3 Duaz) Ny Nzgi + 3 Duas) Nesy Neai

+ Dury(my Ny + M Nezy) + Dizgy(Neayimic + Mgy M) + Diaoy(Nz Neayk + Nz Nzl (4.7)b

Y = (113)[Drg) N2jj N2y + 3 Digy MM + 3 Drg) Najj Ny + 3 Dagiayj Neaji
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*+ DMy Ny + M Neyyy) + Diagy(Niaymi + Mapdmy) + DiaoNew Neay + Myj Mgy, (4.7)c
Zy = (1/3)[Dia) Ny Nz + 3 Dy MMy + 3 Doy Ny Ny + 3 Duas) Nz Nz

+ DMy N2y + M Nez)) + Diaof(My Ny + Me Nay)) + Diaoy(Ney Mz + Mgk Nezyp)] (4.7)d
Multiplying equation (4.2) respectively by‘my,, nand ng) and using
Dy ="Dymk, M'Dj = DNy, Dy = Dix N and**Dy; = Dy N (4.8)
together with equations (2.1), (2.6) and (2.9),geeon simplification similar to Shimada [17]
'D; = Dy) 'Bj + Dig)°Bj + D) By + Duay By + Disy’Aj + Dig) °Aj

+ D)’ Ajj + DuryAj+ Dag) Ajj + Doy A, (4.9)a
"Dy = Dy’B; + D) By + Dz’ By + Dus) By + Dgy’Aj + DoyA

+ DaoyAj + Daz Ay + Doy Aj + Diao) °Ajj, (4.9)b
"Dy = Dg"Bj + D) Bjj + DigBjj + Duug) B+ Duay’Aj + Dugy A

+ D(13)10Aij + D(17)5Aij + D(18)7Aij + D(20)9Aij, (4.9)c
"Dy = D) "By + Dz)'Bij + Doy’ Bij + Duay’Bj + DAy + Dausy A

+ D(16)10Aij + D(18)6Aij+D(19)5Aij + D(20)8Aij- (4.9d
From equation (4.9)a,b,c,d, it is easy to obsdna¢ t
1Dijk = 1Dij my + 11Dij Ny + 12Dij Neyk + 13Dij N3k (4.10)

From equations (4.9)a,b,c,d, we can easily obtain

"Dy m = Dy, m; + D) Ny + Deg) Ny + Dy Ny (4.11)a
Dyngj = D) Ny + Digy M + Dig) Ny + Doy Neay, (4.11)b
2Dy = Dig) Nezyr + Diaty My + DyayNeayr + Digay Ny (4.11)c
DNy = Dy Ngayr + Diaay Mi + Dyasy Nay + Dys) Nz, (4.11)d

Adding all these equations and using equation (4vé)get
Dy m +'Dyny) + Dy ng) + *D; n) ='D; (4.12)
Hence:
Theorem 4.3:The vector' D;in a five-dimensional Finsler spac® Batisfies equation (4.12).
The h-covariant derivative of tens“divi,-k can be obtained as
"Dijn = Awn M MMk + Az Ny Nyj Naye + Agin Ny Ny + A Nan Na) Nk
+ 20k [An{mi mynayd + Agn { mMi my nayd + Agyn { mi my nayd

+ Agn { Ny NayimMid + A @n { Ny Nyt + Ao N NNt
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+ Aayn{n 2ineimid+ A @2an {N)iNe); N + Aasn (N@iNe)iNEKd
+ Aaan (N@inEimMid + A s {NE)inE); Nad* A wen { NEiNEiNed
+ Aarn {Mi(NayNek + N} + A @gr{Mi(NaNEk + Nakey)}

+ Augh {Mi(N@)NEK + N2d@)} + A eon {NiNeiNEk + NekeE);)}

where we have used

Aw; =

A =

A@) =

Aw; =

Ay =

A =

Ay =

Ay =

Ag) =

Aoy =
Aany =
Aaz) =
Aasy =
Away =
Aasy =
Ay =

Aan =

Aqs) =

Aoy =

Aoy =

Dy + 3(Des) — Dis) hayj + Denyhiay)

Dy + 3(Die) Nayj — Do)y + Daaofis)))

D(3)/j + 3(D(12)h(2)j — D(11)h(3)j + D(13)B)j)

Dy — 3(Duafiay + Dusihs); + Dasisy)

Desyj + (D) — 2B — Dieha) + Dnhis) + 2 D) + 2Dsihia

Dee)i — (D) — 2 Dan)h) + Dy + Dy — 2 Bazy hyj + 2 Duoa)

Deyj -(Day — 2 Baphay — Dohis) — Doy — 2 Dus) Ny + 2 Do)

Deeyj — (D@ — 2 R)hy + Dioha) + Daohia) — 2 Darhizy + 2 Dughis);

Deyj + (D) — 2DB12) hez) — Dige) + Daofie); + 2 Dunyhy + 2 Daohis)

Daoy - (Di2) — 2 Bus)hisy — Dighiay - Dighie)j + 2 dagy Ny — 2 Doz

Daayj + (D) - 2 Be)hia) - Daz) hay + Dasghay + 2Durhie); + 2Dusie)

Da2yj + Dy by -(Des) - 2 De)heay + Dashis)— 2 Dunha) + 2 Baole);

Dausyj (D) — 2 Due) heej — Danhia — Daahis) — 2 Duofis) + 2 Daohie;

Diayj + (D) — 2 D7)y — Daas) Ny + Daefia) — 2 Digfis)i -2 Do)

Dausyj + (D — 2 Do) hs) + Dauay hayj — Dusl2)-2 Dagfiay — 2 Baofey;

Daueyj + (D) — 2 Rus)he) — Duaha) + Dasfzy — 2 Riefay — 2 Daohis);

Daryi— Doy + (Dig) — Dun)hia + (D) — Doy + Duzfisy + Dushie;
+ Do) + Diaoyiay

Dusyj — (D) — Dus)hiay — (Dig) — Dua) s — Dunfie) + (D) — Daophiay
— Duof2) + Deohia)

Dasgyi — Dunfis) (D) — Dus)h) — (D) — Dae)hay — (D) — Daa)hie)
+ Dugh) — Diao) h;

D20y + (Do) — Das)) hz) — (Do) — Duep)hs) — Dunfiay -(Daz) — Dias)) e,

— Dughe) + Dag) iy

(4.13)

(4.14)
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From equation (4.13), we can obtain by virtué'[izq]‘k,hlh = 1Dijk,0, similar to 1zumi [5]
"Dio = Awo M MMk + Azyo Ny Ny Nayk + Ago NNy Nz + Ao Niay Ny Neayk

+ 2k [AGmi My Nayd + Ao { mi My neud + Ao { mi my Nt

+ Ago { Nwi NwyMid + Ao { Ny Ny N2id + Aoy (N Ny Napd

+ AandN @i NeMidt Az {N@i Ney N + Aaso {Ne)i Ne)j Nexd

+ Aaapo Ny NaiMi} + Aasyo {N@)i Naj Nd+ A @epo 1N Ny Nyt

+ Aazo {Mi(Nwy; Nk + Nk Nyt + A agdMi(Naj N + Nk Ney)}

+ Aagy {Mi(Ne); Nak + Nk N} + Aoy IN@ilNE); Nek + Neyk Ne);)}

If we assume that in a Finsler space of five-dirim’nstensoi‘Dijk,o = lei,-k, from equations
(4.15) we get fyo =ADgy, (r = 1,...,20). Hence:

Theorem 4.4:1n a Finsler space of five-dimensions, tef®gr satisfies Djo = A ‘D if and
coefficients of these tensors satisfy,é= AD(,, (r = 1,...,20).

D-TENSOR OF SECOND KIND

(4.12)

only

(4.15)

and

In this section we shall define a symmetric tensiosecond kind, which shall be denoted Zﬁyjk and which

satisfies’Dy I'= 0 as well adDjg* = °D; = °Dn(y.. Any third order tensor satisfying these propertiea Finsler space of

five-dimensions will be expressed as

*Di = Dy M MM + "Dz Nay Ny Nk + Dig) Ny Moy Neaye + Dy sy N Meae
+" DX {mMi M Nayd + Do {Mi M Neyd + DnyXgio{mi My gy
+ DX inay Naymd + DeXaoinan Ny Nexd + DaoXa Ny Nay Napd
+ DanXiio{n @1 Nasmd + Dz ey Ney Mo + DaaXiin{N @) Ny ekt
+ DaaXii{n @ NamMd + DasXin i@ Nei N + DasXin N e Ney Neyd
+ " Dan i dMilay Nk + Nk N2y} + DeasyX i fMiNey Nay + ok Nay)}
+ DagLaio{Mi (Ney N+ Naw N} + Do N @iy N + ok Na))}
Multiplying equation (5.1) by’ty we obtain on simplification
?Di=m(' Dy + D) + Day)+ Dus) + Nay (Do) + 'Dgs) + Diazy + Dias)
+N2)( D@ + D) + Do) + Duae)* Ngj( Day + D7y + Daoy + Dias))
Now using’D; = °Dnzy, in equation (5.2), we get
"D + Deg + Dayy + Duay=0, Diy+ Desy + Duzy + Dus)= 0
"D + D)+ Dgg) + Daae) =°D, Dy + Dz + Doy + Daagy = 0

Hence

(5.1)

(5.2)

(5.3)a

(5.3)b
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Theorem 5.1:In a five-dimensional Finsler spacg& B-tensor of second kind denotedzlﬁ)(jk and given by
equation (5.1) satisfies equations (5.3)a,b.
If we assume that tens%Di,-k =0, we can observe that this will also satisfya@n

D) + Dygy + Dyg) + Dys) = 0. (5.4)
Hence:

Theorem 5.2:In a five-dimensional Finsler spacg F the tensoFDijk vanishes equation (5.4) s satisfied.

Alternatively, this tensor can also be expressed as

2Diik = Z(ijk)[mi*wjk + n(l)l*xjk"' n(Z)I*ij + rks)l*zjk], (5.5)
where
"W = (1/3)[ Dy MMy + 3" Dg) Najj Ny + 3" Diay) Moy Ny + 3" Dy Ny Mo

+ Dar(Nw; Nex + Nak N2)) + DaaslNej Moy + Mo Nigy) + Daasy(Ny Magk + My Ny, (5.6)a
Xik = (1/3)[ D) Nay Ny + 3" Disy MMk + 3" Diaz) Ny Ny + 3" Dias) N Nz

+ D7y Ny + Me Nzy) + Diagy(NeayMi + Mg M) + Diaoy(Nez Nz + N2y N, (5.6)b
"Yik = (1/3)[ D) Ny N + 3" Diey MMk + 3" Dyg) Neay Nk + 3 Diayay Ny

+"Daar(My Ny + M Nay) + Diasy(NiaiMic + Mgy M) + DeaoNk Neay + Ny Nz, (5.6)c
"Zjx = (1/3)[ Dggy N3y N + 3 D7y MMy + 3" Diao) Ny Meaye + 3" Diasy Moy Ny

+*D(18)(mj Ny + Mk Ny) + *D(19)(mj Nayk + M Nay) + *D(ZO)(n(l)j Ny + Mok N2yl (5.6)d

D-TENSOR OF THIRD KIND

In this section, we shall define a symmetric terafahird kind, which shall be denoted B;)ijk and which satisfieﬁ)ijk I'=

0 as well a§Dijkgik =3D, = 3Dn(3)i. Any third order tensor satisfying these propertiea Finsler space of five-dimensions
will be expressed as
*Dij = Dgay M MMy + D) Nayi Nay Ny + Dis) Moy Nz Ny + Deay Ny Ny Neay
+ DX igimi M Nayd + DieyXii{Mi M Nepd + DeryXig {mi my niayd
+ DgyLaiotn wi NayMid + Doy wy Ny Neyd + Do io{Nay Ny Ny
+ DanX{N @ NaiMid + DuayXa {Nen e Nayd + DasSaoin @i Ney N
+ DaagXao{n @ NaymMid + DasEaoin@n ey Nayd + DasEaoin @i Ny Ny
+ ‘D(17)Z(ijk){mi(n(1)j N2y + Mk N2y} + ‘D(lS)Z(ijk){mi(n(Z)j Nak + Nk N3y}
+ Doy {Mi (N Nk + Naik Nyt + Doy i N wiNey Nk + Nezyk M)’} (6.1)
From equation (6.1), we can obtain

°Dy = m(Dg) + Deg) + Da1y+ D) + Ny (Diy+ Ds) + Dz + Das)
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+ N2)i( D)+ D) + Dg) + Dyue) + Naj( Diay + D7y + Daoy + Diaay, (6.2)

which implies

Dy + Dg) + Dy + Daay= 0, Dy + Dis) + Dyazy + Dasy = O, (6.3)a
D)+ D) + Dgg) + Dagy = 0, Dy + Dgzy + Dyagy + Dyagy =D (6.3)b
Hence:

Theorem 6.1:1n a five-dimensional Finsler spacg Ehe coefficients on the right-hand side Of3Dijk satisfy
equations (6.3)a,b.

If we assume that tens%[bi,-k =0, equation (6.3) b implies
'Dy+ Dy + Dagy+ Dy = 0. (6.4)
Hence:
Theorem 6.2:1n a five- dimensional Finsler spac® F the tenso?Dijk vanishes, equation (6.4) is satisfied.
Remarks
+  TensorsDy and’Dy also satisfy properties similar tDj.

»  Curvature properties related with these tensorbeirgg studied in the subsequent research work.
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